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Study on Base Station Topology in National Cellular
Networks: Take Advantage of Alpha Shapes,
Betti Numbers, and Euler Characteristics
Ying Chen , Rongpeng Li , Zhifeng Zhao , and Honggang Zhang

Abstract—Faced with the ever-increasing trend of the cellular
network scale, how to quantitatively evaluate the effectiveness of
the large-scale deployment of base stations (BSs) has become a challenging topic. To this end, a deeper understanding of the cellular
network topology is of fundamental significance to be achieved. In
this paper, α-Shape, a powerful algebraic geometric tool, is integrated into the analyses of real BS location data for six Asian and
six European countries. First, the BS spatial deployments of both
Asian and European countries express fractal features based on
two different testifying metrics, namely the Betti numbers and the
Hurst coefficients. Second, it is found out that the log-normal distribution presents the best match to the cellular network topology
when the practical BS deployment is characterized by the Euler
characteristics.
Index Terms—Base stations, mobile communication, network
topology, wireless communication.

I. INTRODUCTION
A. Motivations
ECENTLY, driven by the explosive installment of base stations (BSs) globally, the issue of the optimal BS deployment, i.e., a collection of BSs distributed on the two-dimensional
(2-D) plane [1], of cellular networks has attracted tremendous
concern from both academic and industrial communities. Indeed, just as the name of “cellular” has been coined 40 years ago,
the BSs were assumed to be deployed based on the well-known
2-D hexagonal grid model in the initial stages. Such an assumption leads to obvious fractal phenomenon in a pure geometric
pattern. However, together with the continuous long-term evolutions of cellular networks in the past several decades, diverse
configurations of BSs have been springing up to meet various
application requirements, such as microcell cellular networks,
femtocell cellular networks, ultra-dense cellular networks, etc.
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The overlapping and coexistence of heterogeneous BS deployments has gradually made the original geometric fractal
property ambiguous or even invisible. Under these complicated circumstances, more accurate understandings of the BS
deployments are of great significance to enhance the studies on
cellular networks.
Admittedly, the BS deployments have been changing over
decades due to the emergence of various network standards
(2G/3G/4G/5G) and technologies. In this regard, powerful algebraic geometric tools, namely α-Shapes, Betti numbers, and
Euler characteristics [2]–[4] are selected in this paper to study
the topological features in national cellular networks for reasons
as follows.
1) First, in the algebraic geometry field, α-Shapes, Betti numbers, and Euler characteristics are widely used in the topological analyses of manifolds. From the theoretic point of
view, the algebraic geometry tools (α-Shape modeling)
[2] adopted in this paper are very robust to the variances
of network dynamics (including large-scale BS deployments). Moreover, the Betti numbers and Euler characteristics [3], which are also referred to as persistent homology
in algebraic geometry, are born to reflect the intrinsically
invariant topological features in a complex discrete point
set regardless of any concrete changes in its spatial distributions.
2) Second, these algebraic geometry tools have been widely
applied in much more complicated scenarios including
wireless networking scenarios. Some representative examples are mentioned below.
a) α-Shapes and Betti numbers have already been incorporated in investigating and modeling the cosmic web [3], [4]. In particular, it has been verified
that Betti numbers can be exploited to measure the
hierarchical cosmos evolution, as well as the dark
energy nature, in astronomical observations. As we
know, astronomical planets under constant evolutions are extremely far away from the observation
stations on the earth. Limited by the existing measurement methods and apparatus, measuring errors
or deviations are inevitable in the collected data to
some extent. Even so, these tools still succeeded
in revealing the fundamental topological features in
the ever-evolving cosmic web in [3]. Similarly, the
long-term evolution of cellular mobile networks has
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been undergoing a long period of more than 40 years
from 1G, 2G, 3G, 4G to 5G. The cellular mobile
networks have already become extremely complicated, with huge dimension of various parameters,
heterogeneous architectures, millions of BSs of
different types (macrocells, microcells, femtocells,
small-cells, etc.) at the national level, and coverage
densification to personal area networking. Therefore, in order to grasp the intrinsically fundamental features and patterns of the evolution of the
next-generation (future) mobile cellular networks,
α-Shapes, Betti numbers, and Euler characteristics
will surely play significant roles as in cosmic web.
b) Betti numbers, or so-called persistent homology,
have provided an alternative perspective for coverage problems in wireless sensor networks (WSNs)
[5]. By leveraging persistent homology theory, [5]
has proven that, regardless of topological types, a
stationary set of sensors is capable of guaranteeing
coverage in a bounded region.
As a matter of fact, in addition to the study on BS topology
based on large-scale countries [6], we also push our study forward to the urban scale, and the topological findings in urban
cellular networks have been included in [7]. Basically, it is indispensable to investigate national and urban BS topology issues
separately. As we know, the same rules hold for the whole system are not necessarily correct for a part of the complex system
based on the complex system theory, and vice versa. On the other
hand, the BS topological features in national and urban cellular networks are uniquely meaningful from both theoretical and
application views.
To sum up, it is significant and intriguing to incorporate the
algebraic geometric tools, namely α-Shapes, Betti numbers, and
Euler characteristics, into the topological analyses of BS deployments in cellular networks.
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networks. From an energy reduction perspective, Mahmud et al.
[14] proposed a heuristic method to lay out the BSs in the WSNs.
Undoubtedly, the knowledge of topology of the cellular
networks is extremely beneficial for the guidance on BS
deployments. Since the locations of BSs are of paramount importance in determining the network topology, a range of researches on the spatial distribution of BSs have been carried out
in recent decades. In [15], the severe divergence of Poisson distribution from practical BS density distribution was found out,
and α-stable distribution, one of the heavy-tailed distributions,
was shown to match the real distribution more properly. By separating the BSs into diverse subsets, a comprehensive study on
the cellular network’s spatial structure was presented in [16],
and the clustering feature of BS density distribution was also revealed. In [17], further study about the strong linear dependence
was exhibited between BS deployment and spatial traffic distribution. Taking different scenarios into account, Chiaraviglio
et al. [18] claimed that the log-normal and Weibull distributions
were the more precise ones to fit the real BS deployments in rural
and coastal scenarios, respectively. Zhao et al. [19] verified the
validity of α-stable distribution for the temporal traffic series in
addition to the spatial density of BSs.
Understanding the network topology can prominently facilitate the design of efficient cellular networks, and pervasive applications depending upon the network topology have been found
in the wireless communication field. For instance, the knowledge
of network topology can be exploited to perform automatic computations for topology control in WSNs [20], investigate the pros
and cons of BS switching ON/OFF scheme [21], develop energysaving mechanism for green cellular networks [22], improve the
spectral efficiency and reduce the bit error rate in space-time
network coding scheme [23], manage the interference and allocate spectrum resource for a femtocell-based cellular network
[24], etc.
C. Our Contributions

B. Related Works
In order to meet various performance requirements, substantial efforts have been made on how to effectively address the
cellular network deployment issues. Ericson [8] investigated the
influence of cell size on the network energy consumption for
the purpose of maximizing energy efficiency. In [9], an optimal
approach was presented to prolong the lifetime of WSNs by
deploying BSs appropriately. Stochastic geometry models were
built in [1] for BS deployments in shared cellular networks, and
the proposed models were observed to be suitable for different
countries. Liu et al. [10] proposed to jointly optimize the placement of BSs with other factors like power control. Wu and Niu
[11] studied the BS deployment scheme based on the overall
traffic variation process rather than the peak traffic load, which
can successfully bring energy consumption reduction and performance improvement. Coskun and Ayanoglu [12] developed a
greedy framework to arrange the BSs in heterogeneous cellular
networks, so as to improve the energy efficiency. In the strive
for meeting coverage demands and traffic requirements, the BSs
were automatically planned and distributed in [13] in mobile

Most of the previous literatures analyzed the cellular network
deployments from the perspective of BS spatial density distribution by straightforward simulation methods. As one of the
unprecedented researches, this paper introduces a powerful algebraic geometric tool, namely α-Shapes [4], into the fundamental analyses of real BS location data for 12 countries around
the world, and generalizes essential topological characteristics
through the mass datasets from the perspective of topological invariants, i.e., Betti numbers and Euler characteristics [4]. Briefly
speaking, BSs can be abstracted into a collection of points, and
α-Shapes are geometric manifolds constructed from a specific
point set so that they are closely related to topological nature of
the point set. Moreover, the Betti numbers and the Euler characteristics can be used to describe the topological information in
the α-Shapes, thus also tightly associated with the topological
features of the point set, or the BSs in this paper.
Specifically, our works aim to answer this kind of question:
Is there any essentially identical features hidden in the network
topology regardless of the geographical differences and temporal evolutions? In other words, it is an interesting and profound
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issue to find out the topological features in the cellular network
topology. In this regard, the main contributions of this paper are
as follows.
1) First of all, the fractal phenomenon is revealed in
the BS spatial deployments for both Asian and
European countries in terms of the Betti numbers and the
Hurst coefficients.
2) Second, it is verified that log-normal distribution provides
the most conforming fitness with the cellular network
topology when the practical BS deployments are characterized by the Euler characteristics.
In fact, fractal characteristics in the BS deployments have been
applied in a plenty of works for the study of cellular networks.
Below are some typical examples.
One prominent advantage of fractal features is that it could
facilitate more sophisticated stochastic geometry models of cellular networks [25]. By leveraging the essences of fractal property, i.e., self-similarity, in the spatial deployments of BSs, it
has been found that the BS deployments could be more easily
analyzed in a large-scale area [25].
On the other hand, fractal features can be embedded into the
performance evaluation of cellular networks [25], [26]. For instance in [25], based on the self-similarity among BSs, a tractable
solution for the coverage probability in a large-scale area has
been deduced. In particular, an upper bound of the derived coverage probability for high signal-to-interference-plus-noise ratio
(SINR) thresholds has been given in [25]. Second, motivated by
the fractal coverage characteristics, the average achievable rate
and the area spectral efficiency have been re-evaluated for fractal
small cell networks in [26].
More interestingly, in addition to the fractal phenomenon, we
have also verified a completely valuable discovery, i.e., the fitness of log-normal distribution for the cellular network topology
when the practical BS deployments in either European or Asian
countries are characterized by the Euler characteristics, and we
believe it will provide fruitful guidance on the analysis and design of BS deployments in the future, such as providing diverse
network performance metrics, improving the models of spatial
patterns of BS deployments, etc.
In summary, we believe that our contributions in this paper
have substantial potentials to reduce the analytical gap between
existing models and the realistic spatial BS deployments, thus
laying the foundation to bring enlightenments to in-depth studies on BS topology. In addition, it could contribute to the performance examinations under more complicated network scenarios
and enhance theoretical comprehensions of the actual network
variations.
This paper is organized as follows. The vital algebraic
topological invariants and tools, including α-Shapes, Betti
numbers, and Euler characteristics, are introduced in Section II.
The detailed description for the cellular network data is given in
Section III. The fractal features of BS deployments in Asian and
European countries are clarified in Section IV. The identical
log-normal distribution of the Euler characteristics for the
above-mentioned countries is illustrated in Section V. Finally,
conclusions are drawn in Section VI.
Moreover, in order to improve the readability of this paper,
the notations involved and their meanings are listed in Table I.
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TABLE I
NOTATIONS AND THEIR MEANINGS IN THIS PAPER

II. FUNDAMENTAL TOOLS FOR TOPOLOGY DISCOVERY
In this section, the principal concepts of the algebraic topological tools used for topology discovery in our works are presented.
Various information in all aspects about these tools will be provided, including the basic definitions, the relevant applications,
the constructions, etc. The relationships between them will also
be expounded.

A. Alpha Shapes (α-Shapes)
As one of the most fundamental notions from the domain
of computational topology in algebraic geometry [27], [28],
α-Shapes were first introduced by Knuth [29]. α-Shapes have
been extensively applied to a plenty of vital domains. Typical
examples of the applications based on α-Shapes modeling include: protein-DNA interactions can be precisely predicted [30],
molecular shapes can be described in detail [31], properties of
macro-molecular can be analytically exacted [32] in the field of
biology; interactions between the origin and destinations can be
summarized and visualized in geography [33]; network edges
can be detected locally in ad hoc networks [34]; surface morphology of products can be analyzed in manufacturing. Applications in other fields include shape similarity comparisons of
3-D models [35], medical image analyses and so forth.
In general, unlike common tools in algebraic topology field,
which have to resort to some kind of user-defined smoothing
functions or thresholds for the analyses of a discrete point set,
α-Shapes depend entirely on the point set itself, and focus on
the features determined by the set of points exclusively [4]. In
this regard, α-Shapes are significantly superior and are regarded
as the optimal technique for this paper.
In an informal definition, α-Shapes can be considered as the
intuitive notion of the shape of a specific discrete point set [36].
For example, without loss of generality, a point set S and one
of its α-Shapes are illustrated in Fig. 1. As shown in Fig. 1, the
α-Shape is in accordance with our intuition about the shape of
S. In addition, the processes of construction will be elaborated
later in this section.
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Fig. 1. Point set S and one of its α-Shapes. The point set S is represented
by the red nodes in the 2-D plane, and the α-Shape of S is denoted by the red
outline of the area with black dotted shadows. In addition, the black circles and
edges between nodes include the intermediate results during the construction of
α-Shapes.

Fig. 3.

Illustration of α-Shapes construction.

Fig. 2. Voronoi tessellation and the Delaunay triangulation of A, where the
red nodes belong to the point set A, the dotted lines refer to the Delaunay
triangulation, and the solid lines indicate the edges of the Voronoi tessellation.

Two topological concepts closely related to the construction
of α-Shapes are the Voronoi tessellation and the Delaunay triangulation. Let a 2-D point set A, a subset of the 2-D real number
point set R2 , consist of node ai (i = 1, 2, . . . , n), where n is
the total number of A. Then, a Voronoi cell Vi refers to the set
of points that are closer to ai than any other nodes in A, as expressed in the following equation, and the Voronoi diagram of
A is composed of the set of Voronoi cells [36]:
Vi = {x ∈ R2 | x − ai  ≤ x − aj  , ∀j = 1, 2, . . .n, j = i}.
(1)
The Delaunay triangulation is coupled with the Voronoi
tessellation. An edge connecting two nodes belongs to the
Delaunay triangulation if and only if the two corresponding
Voronoi cells share a common side. Similarly, a triangle
connecting three nodes belongs to the Delaunay triangulation
if and only if the three corresponding Voronoi cells share a
common corner [36]. The Voronoi tessellation and the Delaunay
triangulation of A are depicted as Fig. 2.
Fig. 3 represents the process of one α-Shape construction
given the scale parameter α. Specifically, here follows the outline of building up α-Shapes. First, the Voronoi tessellation and
the Delaunay triangulation of the point set A are obtained in
Fig. 3(a). Second, taking the scale parameter α as the radius,
circles centered by every point in A are drawn. Then, the set
of circles forms the area C(α), as shown by the pink area in
Fig. 3(b), in which the straight lines indicate the edges of the
Voronoi tessellation. Third, the alpha complex consists of the
simplexes, namely the vertexes, edges, and triangles, which are

Fig. 4. Features of α-Shapes as α, i.e., the radius of the pink circles in each
subgraph, increases gradually from zero to infinity.

entirely included in the area C(α), as displayed by the red part
in Fig. 3(c). Finally, one α-Shape is obtained in Fig. 3(d).
The features of α-Shapes demonstrate themselves when α
increases gradually from zero to infinity, as shown in Fig. 4. The
α-Shape is equivalent to the point set itself when α is equal to
zero. Then, a new Delaunay simplex is added into the α-Shapes
when α exceeds some threshold, which means the α-Shapes
vary by the values of α in a discrete manner. So alpha complex
is the same as the Delaunay triangulation of A when α reaches
some maximum value αmax , and the α-Shape keeps being the
convex hull of A afterward. Therefore, the number of α-Shapes
is actually finite although the scale parameter α varies from 0
to +∞.
In summary, α-Shapes are the intuitive description of point
sets, the subsets of the Delaunay triangulation, and the generation of the convex hull.
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TABLE II
BASIC INFORMATION OF 12 SELECTED COUNTRIES

B. Betti Numbers
The basic notion of homology needs to be stated first for a
better elaboration of the Betti numbers. Homology describes
the connectivity of space via the characterization of two fundamental morphological elements, namely holes and boundaries
[2]. In terms of 3-D space, a 0-D hole refers to an independent
component or a gap between two disconnected components; a
1-D hole means a tunnel that appears when an edge is added
to two connected points, and the tunnel can be crossed over in
either direction without running into a boundary; a 2-D hole is a
cavity or void, which is completely encircled by a 2-D surface.
Boundaries are usually described by cycles. A 0-cycle indicates
a connected object or a point; a closed loop is identified as a
1-cycle; whereas a 2-D surface is referred to as a 2-cycle. The
pth homology group Hp is composed of all p-D holes or cycles
[3].
The pth Betti number βp can be seen as the number of elements
in the pth homology Hp . As a result, the Betti numbers contain
complete topological information about a space. Similar as the
pth hole, β0 is the number of independent components of a space;
β1 means the number of independent tunnels; β2 indicates the
number of independent enclosed voids [3].
The Betti numbers can be inferred from α-Shapes in a straightforward way. As illustrated in Fig. 4, the α-Shapes evolve from
the point set itself into the Delaunay triangulation gradually as
the growth of the scale parameter α. In other words, the set of
α-Shapes is actually a filtration of the Delaunay triangulation,
where α plays the role of filtration parameter [37]. Therefore,
each Betti number can be expressed as a function of α since every α-Shape corresponds to certain values of the Betti numbers
as listed in Fig. 4 for the enhancement of understanding.
C. Euler Characteristics
The Euler characteristic is one of the most principle concepts
in analyzing the topology of a space, especially in capturing the
global features and statistical characteristics.
Let O be a 3-D object whose boundary ∂O is a 2-D enclosed
shell. In the formal definition, the Euler characteristic χ(∂O) is
equal to the integrated Gaussian curvature of the surface [4] as
χ(∂O) =

5

1
2π


x

dx
R1 (x)R2 (x)

(2)

where R1 (x) and R2 (x) are two principal radii of the curvature at
the point x of the shell. Surprisingly, the integration mentioned
above remains invariant under continuous deformation of the
surface [4], which is the reason why the Euler characteristic can
reflect the essential property of a space and is referred to as a
topological invariant.
According to the Euler–Poincare Formula, the Euler characteristic can also be obtained by the Betti numbers [4]. Specifically, the Euler characteristic is equal to the alternating sum of
the Betti numbers [4] as
χ = β0 − β1 + β2 − β3 + · · ·

(3)

In this paper, only two Betti numbers β0 and β1 are taken
into account since the 2-D location data of BSs in the cellular
networks are analyzed.
III. DATASET DESCRIPTION
In order to achieve precise and effective topological characterizations, our works are based on the analyses of a rich supply of
mass data gained from OpenCellID community, an open-source
data platform for providing the locations of BSs in various countries around the world (https://community.opencellid.org/) [38].
The massive BS data of 12 countries, including six representative countries from Asia and Europe, respectively, have been
extracted from the OpenCellID dataset. Each information entry
consists of the location of BSs, namely the latitude and longitude data, and other auxiliary information. The basic information
about the 12 selected countries is listed in Table II, including the
territory area, the total number, and the average density of BSs.
To express the reliability of the extracted data, the latitude
and longitude data are converted into the location data on a
2-D coordination system in the form of x and y, and the BS deployment diagrams of several representative countries, including
three Asian countries and three European ones, are illustrated
in Fig. 5. The red boundary lines are extracted from the Google
Map, and it is observed that the layout formed by the BSs is basically the same as the real territory configuration since almost
all the BS data fall within the boundary line of each country.
IV. FRACTAL NATURE IN THE CELLULAR
NETWORKS TOPOLOGY
As a fundamental feature of networks, fractal phenomenon
has been found in a number of wireless networking scenarios
[39]. For instance, the design of hand-off scheme for mobile
terminals can be inspired by the fractal property [40], and a
fractal shape demonstrates itself in the coverage boundary of
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Fig. 5.
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BS deployment diagrams of three (upper) Asian and (lower) European countries. (a) China. (b) France. (c) Japan. (d) Germany. (e) South Korea. (f) Italy.

the wireless cellular network [41]. Moreover, a rich number of
networks in the real world exhibit the significant fractal characteristics naturally, such as the worldwide web, yeast interaction,
protein homology, and social networks [42], [43]. Based on the
tools of α-Shapes, Betti numbers, and Hurst coefficients, this
section confirms the fractal nature in cellular networks from the
perspective of the topology of BSs [3].

[3]. For example, the first two levels, out of the total three levels
in the fractal distribution, demonstrate themselves in a visible
way by the two ripples or peaks in the Betti curves, while the last
level is not observed clearly in the curves because of the trivial
number of elements in this level. Moreover, the ripples arrive
prior to the corresponding peaks, which is quite reasonable because the size of components is smaller than that of loops.

A. Comparisons Between the Betti Curves of Fractal and
Random Point Distributions

B. Fractal Features in Terms of the Betti Numbers

Fig. 6 gives intuitive comparisons between the Betti curves
brought by the random characteristics and the fractal patterns.
Fig. 6(a) expresses the practical point deployments for the
random and fractal cases. One of the most significant features
of fractal behavior is the self-similarity under any length scale
[44], and self-similarity is added into the point distribution by
the hierarchical partitions of the area among the points, while
the random point distribution is simply realized by the random
choice of the location for each point.
Fig. 6(b) shows the Betti curves for the random case, whereas
Fig. 6(c) for the fractal case. The β0 curve for the random case
demonstrates a trend of descending monotonously, and the β1
curve presents a single peak formed by the monotone decrease
after the monotone rise of β1 . However, in the fractal case, distinctive from the random case, the β0 curve manifests itself by
the multiple ripples in the global decline trend, where a ripple
is characterized by the rapid slope switch within a narrow range
of α, as shown by the amplified blue subgraph in the left window in Fig. 6(c). In the meantime, the β1 curve for the fractal
case fluctuates in the form of multiple peaks. In other words,
the fractal behavior brings the distinguishing features of multiple ripples and peaks into the β0 and β1 curves, respectively
[3]. In addition, the identical number of ripples and peaks is an
indication for the hierarchical levels in the fractal distribution

Within our works, the fractal phenomenon in the cellular networks is discovered based on the modularity patterns (structures
hierarchy) of the Betti curves of the practical BS distributions
[3], as verified in Fig. 7 for six European countries and Fig. 8
for six Asian countries, respectively.
As we can see from Figs. 7 and 8, regardless of the geographical differences in the large-scale regions, it is extremely surprising to observe the essentially identical fractal features (i.e.,
hierarchy of structures) expressed by the multiple ripples, which
are highlighted in blue segments, as shown in the β0 curves as
well as the multiple peaks in the β1 curves for each of all the
aforementioned 12 countries.
Despite the essential fractal features, there are still some obvious differences among the Betti curves of these countries, which
can be summarized in three aspects as follows.
1) The numbers of the ripples or peaks for these countries are
not entirely the same. For example, the number of ripples
is 3 for France and Germany, and 2 for other ten countries.
In addition, there seems to be no clear patterns in the number of ripples among the six Asian or European countries,
which may imply that this parameter is not determined
by the geographical position of the country. As indicated
before, the number of ripples is closely associated with
the hierarchical levels in the BS distributions, which
are influenced by numerous historical, cultural, and
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Fig. 6. Comparisons between the representative Betti curves of random and fractal point distributions. (a) Points deployment diagrams: (left) random; (right)
fractal. (b) Betti curves for random: (left) β0 ; (right) β1 . (c) Betti curves for fractal: (left) β0 ; (right) β1 .

technological factors along the long evolution of these
countries.
2) The amplitudes of the ripples or peaks are distinctive
among these countries. For instance, the amplitude of the
first β1 peak of South Korea and Japan in Fig. 8(b) and (c)
is around 850 and 11 500, respectively, which are considerably different even though the Betti curves for South
Korea and Japan have pretty similar shapes. This parameter is related to the number of BSs in corresponding
levels, which is affected by the total number of BSs of
each country, and many other historical, cultural, and
technological factors as well.
3) In addition, the ripples and peaks appear at completely
different values of the scale parameter for each country,
which are listed in Table III. It is noteworthy that the

ripples suggest the rapid gradient switch within a narrow
range of, and the position of a ripple can be estimated
according to the intersection of two straight lines with
distinctive slopes, respectively, as shown in the first and
third columns in Figs. 7 and 8. The positions are probably
related to the area of the country, the density of BSs, and
tightly associated to the unique developments of each
country in historical, cultural, and technological aspects.
C. Fractal Features Based on the Hurst Coefficients
First, proposed by H. E. Hurst, the Hurst coefficient has recently gained its popularity in plenty of fields, especially in the
finance fields as a result of Peter’s work [45], [46]. As a measurement for fractality of data series, the Hurst coefficient usually
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Fig. 7.

Betti curves of the practical BSs distributions in European countries. (a) Poland. (b) UK. (c) Germany. (d) France. (e) Italy. (f) Netherlands.

Fig. 8.

Betti curves of the practical BSs distributions in Asian countries. (a) Singapore. (b) Korea. (c) Japan. (d) China. (e) India. (f) Thailand.

falls in the range from 0 to 1. In concrete, Hurst coefficient of 0.5
implies a completely random data series, while the indication of
fractal features gets stronger as the value comes closer to 1 [47].
Among the various methods applied in the calculation of the
Hurst coefficient, we take advantage of the rescaled range analysis (R/S), one of the most classical methods, in our works.
Due to the space limitation, the framework of Hurst coefficient

computations is given in the Algorithm 1 below, and interested readers could refer to [48] for the details of the R/S
method.
Actually, the length n of sub-series is variable, and it has been
found that (R/S)n scales by power-law as n grows [48]
(R/S)n = c · nH

(4)
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TABLE III
POSITIONS OF THE RIPPLES AND PEAKS IN THE BETTI CURVES
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Algorithm 1: The Framework of Hurst Coefficient
Computations.
divide a data series X = X1 , X2 , ..., XN of length N into
A sub-series of the same length n
for each a ∈ [1, A] do
μa =

1
n

an


Xi ,

i=(a−1)n+1

// The mean value μa of the a-th sub-series.
Yi = Xi − μa , i = (a − 1)n + 1, (a − 1)n + 2, ..., an.
// The mean adjusted sub-series Y .
Zt =

t


Yi , t = (a − 1)n + 1, (a − 1)n + 2, ..., an.

i=(a−1)n+1

// The cumulative deviate series Z.
Ra = max{Z(a−1)n+1 , Z(a−1)n+2 , ..., Zan }
− min{Z(a−1)n+1 , Z(a−1)n+2 , ..., Zan }.
// The accumulated deviation Ra for the a-th sub-series.

1 an
(Xi − μa )2 .
Sa =
i=(a−1)n+1
n
TABLE IV
HURST COEFFICIENTS FOR ALL THE 12 COUNTRIES

//The standard deviation series Sa for the a-th sub-series.
end for
A

(R/S)n =

1 
Ra /Sa .
A a=1

TABLE V
CANDIDATE DISTRIBUTIONS AND THEIR PDF EXPRESSIONS

where c is a constant, and the Hurst coefficient H can be
estimated by the slope of the least-squares regression on logarithms of both sides in the above-mentioned equation.
In order to testify the fractal property in the cellular networks,
the Hurst coefficients are computed for all the BSs in the cellular
networks of all the selected countries. In this paper, an arbitrary
center point is chosen randomly among all the location data of
the BSs and a radius is specified first, so that a circle is formed
given the center BS and the radius. Then, the distances between
all the BSs within the circle and the center BS are calculated. In
other words, the data series consist of a sequence of the distances
between each BS and the center BS. Next, the Hurst coefficient
is computed according to the data series in the way mentioned
above. The similar process is performed a hundred times given
different center points and radii, and the average Hurst coefficient is obtained finally. As indicated in Table IV, the fractal
features are completely confirmed since all the Hurst coefficients
are very close to 1.

V. CONSISTENT LOG-NORMAL DISTRIBUTION OF THE
EULER CHARACTERISTICS
In this paper, based on Euler–Poincare Formula, the Euler
Characteristics are obtained by subtracting β1 from β0 [4]. Obvious heavy-tail features can be observed from the curves of real
probability density functions (PDFs), so several representative
heavy-tail distributions and the widely used Poisson distribution
are chosen as the candidate distributions for the fitness of real
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Fig. 9. Comparisons between the practical PDF and the fitted ones for European countries. (a) Poland. (b) France. (c) UK. (d) Italy. (e) Germany.
(f) Netherlands.

Fig. 10. Comparisons between the practical PDF and the fitted ones for Asian countries. (a) Singapore. (b) China. (c) South Korea. (d) India. (e) Japan.
(f) Thailand.

PDF. The candidate distributions and their PDF expressions are
listed in Table V.
During the process of data fitting, the Euler characteristics are
assumed to comply with a specific statistical distribution to estimate the parameters, then an estimated PDF curve is generated
to fit the given data. The comparisons between the practical PDF
and the fitted ones are displayed in Fig. 9 for European countries
and Fig. 10 for Asian ones, respectively.
As observed from the fitted curves in Figs. 9 and 10, for each
European or Asian country, the log-normal distribution is clearly
the closest one to the real PDF. Due to inevitable data deficiencies, the practical PDF curves, i.e., the blue curves in Figs. 9 and
10, are not completely smooth. For each country, the fitted lognormal PDF conforms to the shape and trend of the practical
one to a great extent even if these two curves are not identically the same, while other three fitted PDFs, i.e., fitted Poisson,

Generalized Pareto, and Weibull PDFs, are apparently not even
close to the practical PDF.
For the purpose of verifying the best match for the real PDFs,
the root mean square error (RMSE) between each candidate
distribution and the practical one is computed and listed in
Table VI. As shown in Table VI, the RMSE between the lognormal distribution and the real PDF is also the smallest one
for every country, which is almost one order of magnitude
smaller than the other terms in the same row. In other words,
the log-normal distribution is the best match for the PDF of
the Euler characteristics for both European and Asian countries,
from the perspective of either intuition or rigorous numerical
analyses.
Therefore, a possibly surprising but well-founded conclusion
can be drawn here: regardless of the geographical differences as
well as the culture and historical factors, the Euler characteristics
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TABLE VI
RMSE BETWEEN EACH CANDIDATE DISTRIBUTION AND THE PRACTICAL ONE

of either Asian or European countries completely comply with
the log-normal distribution.
VI. CONCLUSION AND FUTURE WORK
In this paper, the algebraic geometric tools, i.e., α-Shapes,
Betti numbers, and Euler characteristics, have been exploited to
discover the intrinsic topological characteristics from the real
BS location data of various Asian and European countries. First
of all, fractal phenomenon has been confirmed within the BS
configurations for either Asian or European countries in terms
of both Betti numbers and Hurst coefficients. Second, the lognormal distribution has been proven to provide the best fitness
to the PDFs of the Euler characteristics among typical distribution candidates in regard to the practical BS deployments in the
cellular networks.
Nevertheless, despite all the topological findings mentioned
above, there are still some challenging issues to be worked out
in the future. For instance, what are the definitive factors for the
α values of the ripples and peaks in the Betti curves? What is
the intrinsic meaning of the number of levels indicated by the
number of ripples or peaks? And how to apply the log-normal
distribution of the Euler characteristics to the design of BSs
deployments? What are the essential reasons behind the topological features shown in the figures? We will investigate all of
these problems as our future works.
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